This paper describes a simple method for using real options analysis to evaluate commercial real estate projects when development can be suspended. The approach described can be applied to projects at any stage of construction, which is especially useful when market conditions are poor and suspension of many partly-completed projects is being considered.
Introduction
Static DCF analysis remains the valuation tool of choice for many practitioners, despite its failure to incorporate the effects of managerial flexibility. This flexibility takes many forms, from the ability to delay beginning construction of a planned project to complicated sequencing of large developments that may span several distinct stages spread over many years. Real options analysis offers the potential to value projects in a way that recognizes the existence of the flexibility available to developers and, moreover, to determine the best way to exercise this flexibility. In contrast, static DCF analysis implicitly assumes that the entire sequence of decisions regarding completion of a development is made before construction actually begins and, no matter what might happen afterwards, is adhered to strictly. The main advantages of static DCF analysis are that it is simple to implement and, because it is implemented in a fairly systematic way, the results are easily communicated. In contrast, real options analysis is often implemented using mathematical tools unavailable to many practitioners. Furthermore, many different approaches are possible, and no single approach has emerged as "standard practice".
Real options analysis has made substantial inroads into the academic study of real estate markets. For example, it has been used to analyze the value of vacant land (Titman, 1985) and the flexibility embedded in typical leases (Grenadier, 1995) ; there is a large (and growing) literature using real options analysis to analyze the equilibrium behavior of property prices (Grenadier, 1996; Guthrie, 2009a) . However, progress on implementing real options analysis in practice has been much slower. While various case studies have appeared in the practitioner literature, there seems to be no widely-used systematic approach to real options analysis applied to real estate problems.
Several recent books attempt to make the insights of real options analysis available to a wider range of practitioners. This paper explains how the approach presented in one of them, Guthrie (2009b) , can be applied to a wide variety of real estate applications. It avoids the differential equations and complicated simulations that are often used to carry out real options analysis, instead using the familiar binomial-tree approach. The key step, and what distinguishes it from standard derivative pricing situations, is the identification of a small number of discrete stages of development and the allocation of the various items of capital expenditure amongst these stages. This allocation reduces project evaluation to the analysis of a reasonably straightforward compound option pricing problem. Construction lags add a slight complication to the analysis, but they are easily handled in a systematic fashion.
The data requirements for this approach are not much more onerous than those for static DCF analysis. In fact, the only additional inputs needed are the volatility of completed-building prices and the expenditure required to suspend and resume construction. However, although real options analysis uses the same inputs as static DCF analysis (augmented by volatility), we will see that the importance of the various inputs changes when development flexibility is incorporated into the valuation procedure. For example, we find that the market value of a partly-completed project is much more sensitive to the level of the capitalization rate, and much less sensitive to the price of completed buildings, than is suggested by static DCF valuation.
Thus, not only does static DCF analysis underestimate the market value of development projects, but it also gives a misleading indication of the determinants of that market value. In short, it tells practitioners to concentrate on building prices when they should perhaps be focussing more on the capitalization rate and price volatility.
The particular example presented in this paper relates to a partly-completed project. The developer has the option to suspend development, an option that many developers have exercised in the 2007-2009 crisis period. In a world of volatile market conditions, the ability to slow down or halt construction, and resume it at a later date, can be extremely valuable. Real options analysis as described in this paper allows practitioners to value projects that have suspended construction or have the option to do so in the future. Static DCF analysis, in contrast, does not: it implicitly assumes that all future decisions are programmed in advance, which prevents owners from resuming construction when market conditions improve and suspending it when they deteriorate. Other forms of construction flexibility-such as the option to change the scale or scope of a project part way through construction-can be handled using straightforward extensions of the techniques described here. 1
We begin by describing our hypothetical example and then, in Section 3, we evaluate it using static DCF analysis. Section 4 shows how to set up our valuation model and Section 5 then describes three different approaches to estimating the volatility parameter. The valuation approach is presented in Section 6 and applied to our hypothetical project in Section 7.
Hypothetical development project
We will illustrate the real options approach using a hypothetical example of a partly completed apartment complex in Las Vegas at the end of 2008. 2 The example involves a 24-story apartment complex that, when completed, will have 650,000 sq ft of rentable space. Similar buildings currently sell for $160 per sq ft. Construction, which will take 26 months if it is not interrupted, is divided into five distinct stages: construction of the substructure; construction of the lower part of the building's shell; construction of the upper part; the interior fit out of the lower floors; and the interior fit out of the upper floors. The magnitude and timing of the required cash flows are shown in the left-hand panel of Table 1 for the case when the project's construction is not interrupted. 3 We assume that the level of all construction costs is risk free. 4
Construction can be interrupted between these stages (but not within a stage), but the developer must pay $10,000 per month while construction is suspended to secure the site, retain the services of key personnel, and so on. The entire project can be abandoned between stages (but, again, not within a stage). The cost of cleaning up the site and shutting the project down almost completely offsets any residual land value, so that the project is worthless if it is abandoned.
We will use 2% as our estimate of the real risk-free interest rate, consistent with the yield on 10-year Treasury inflation-protected securities (TIPS) at the time, and 6% as our estimate of We could use a single discount rate to calculate the present value of all cash flows. However, in keeping with the notion that discount rates should reflect the systematic risk of the individual cash flows, we will discount capital expenditure using the risk-free interest rate and discount the expected value of the completed building using a rate that reflects the systematic risk of property prices.
If construction has not yet begun, then the present value of the capital expenditure in 
Modeling development flexibility
There are several key decision points during construction at which the developer must commit to particular future expenditure. For example, the developer must first commit to the expenditure required to excavate the site and complete the building's foundations. The second commitment is to begin construction of the lower part of the building's shell. As shown in Table 1 , this commitment can be delayed until the substructure has been completed without construction being interrupted. It can be delayed even longer, although in this case construction would have to be suspended once the substructure is completed. Construction can resume only once the commitment to the second group of cash flows is made. Similarly, the developer can delay committing to the expenditure required to build the top part of the shell until the lower part is completed without construction being interrupted. Longer delays will result in construction being suspended with the shell only partly completed.
We capture this ability to delay committing to some future expenditure by reducing the sequence of cash flows to a smaller set of equivalent lump sum cash flows, each incurred at the time the commitment to incur the relevant future expenditure is made. For example, if the developer decides to begin construction of the substructure at month 0 then the developer commits to spend $0.1m at month 0, $9.5m at month 1, and $0.2m at month 5. This sequence of cash flows is replaced by a single lump sum cash flow of 0.1 + 9.5 1.02 1/12 + 0.2 1.02 5/12 = 9.78 million dollars that is incurred at the date the decision is made, in this case month 0. Similarly, at month 6 the developer commits to expenditure of $3.3m at month 6, $15.8m at month 8, another $15.8m at month 10, and $12.5m at month 12. We replace this cash flow stream by lump sum expenditure of 3.3 + 15.8 1.02 2/12 + 15.8 1.02 4/12 + 12.5 1.02 6/12 = 47.12 million dollars that is incurred at month 6. It is essential that these present values are calculated as at the decision date, not as at month 0. Thus, the cash flow of $12.5m is discounted six months, from month 12 back to month 6, not all the way back to month 0. The results for the remaining cash flows are shown in the right-hand panel of Table 1 .
The apartment construction project is therefore reduced to the simpler five-stage project described in Table 2 . For each stage the cash flows are collapsed into a single lump sum equal to their present value. The timing of the individual cash flows is important only to the extent that it determines their present value. However, we need to know the overall time required to complete each stage because one stage cannot begin until the previous one has been completed.
For example, the developer cannot begin Stage II until at least six months have elapsed after beginning Stage I.
All the information used up to this point is required for a static DCF analysis of the project.
The only additional information that we require in order to incorporate the various real options into our project evaluation is the volatility of changes in the sales price of the completed building.
The next section shows how to estimate volatility from available market data.
Estimating volatility
We need to specify the volatility (that is, the standard deviation of the annual rate of return) of the market value of the completed project. The hypothetical sale price of the building currently under construction-if it had just been finished-is clearly unobservable, so that we must rely on other, observable, variables to serve as proxies when estimating volatility. This section describes three possible approaches to estimating the volatility of the completed project's market value.
The first approach uses information contained in commercial real estate (CRE) indices, which attempt to measure the behavior of diversified portfolios of such assets. Note, however, that we are interested in the behavior of the (hypothetical) market value of a particular building in a particular location. Even those indices that are disaggregated to the level of building classes or geographic locations will feature some degree of diversification. Given that the changes in prices of individual buildings will be less-than-perfectly correlated, this diversification means that the volatility of an index will underestimate the volatility of our building price, perhaps to States. The appraisal process tends to smooth out fluctuations in the market value of properties, so that the volatility of indices such as the NPI will tend to underestimate the volatility of the particular diversified portfolio of properties. A better source for our purposes is an index such as the Transaction-Based Index (TBI) produced by the MIT Center for Real Estate. The TBI is calculated using the estimated relationship between transaction prices and property characteristics for properties in the NCREIF portfolio. It will thus do a better job of capturing the actual volatility in market prices than an appraisal-based index. Repeat-transaction indices, such as the Moodys/REAL CPPI produced by the MIT Center for Real Estate and which includes most transactions exceeding $2.5m, are also beginning to appear. These three approaches produce volatility estimates ranging from approximately 0.08 (CRE indices based on property portfolios) to 0.20 and above (volatility implied by loans on individual properties). Since we require an estimate of the volatility for a single property, we set volatility equal to σ = 0.20.
Using real options analysis to evaluate the project
We carry out our analysis of this problem using the framework of a binomial tree, which we use some random number i down moves and n − i up moves, the hypothetical market value will have changed to V 0 (i, n) = X 0 D i U n−i . The top left-hand corner of the resulting binomial tree is shown in the first panel in Table 4 , with each row corresponding to a different number (i) of down moves and each column (n) to a different date. 9 This tree completely describes our uncertainty about future property prices. For example, six periods from now, the hypothetical price of the completed project could be as low as X 0 D 6 , as high as X 0 U 6 , or somewhere in between. The possible prices comprise the column labeled by n = 6 in the first panel in Table   4 .
The In order to understand how our modeling approach works we must understand how we move through the trees as construction progresses and market conditions evolve. We start at node (0, 0) of the bottom panel, which will give the estimated current market value of the project rights if construction is yet to begin. If the developer decides to wait before beginning construction then-because no construction is going to occur in the meantime-we stay in the same panel, but move one column to the right each period, moving down one row each time a down move occurs and otherwise staying in the current row. In contrast, if the developer decides to construct the project's first stage, we jump up to the panel directly above the bottom one, moving as many columns to the right as it takes periods to complete that stage. Where exactly we emerge in that column depends on how the market has behaved during construction. If every move during construction of the first stage has been up then we will emerge in the same row, but for each down move that occurred during this period we will emerge one row lower. We move through the panels like this, moving rightwards through each panel and occasionally jumping up to the next one. Provided we do not permanently abandon the project along the way, we will eventually arrive at either the top panel, indicating that the project's construction has been completed, or the final column of one of the other panels, indicating that the development rights have expired before the project could be completed.
Now that we know how to navigate through the panels, we turn to the task of constructing them. All the required calculations can be carried out in a spreadsheet containing six tables, one for each of the project market values (V m ). The first table extends out as far as the development's expiry date-so that the tables can be large-but each successive table is smaller than the one 9 Because there cannot be more down moves than periods, the part of the table below the diagonal does not need to be filled in. 
V5(6, 6) · · ·
Step 1: Fill in to date N using
Step 2a: Fill in date N − N1 + 1 with zeros
Step 2b: Fill in earlier col's using eq. (1) with m = 1
Step 3a: Fill in date N − N1 − N2 + 1 with zeros
Step 3b: Fill in earlier col's using eq.
(1) with m = 2
Step 4a: Fill in date N − N1 − N2 − N3 + 1 with zeros
Step 4b: Fill in earlier col's using eq. (1) with m = 3
Step 5a: Fill in date N − N1 − · · · − N4 + 1 with zeros
Step 5b: Fill in earlier col's using eq. (1) with m = 4
Step 6a: Fill in date N − N1 − · · · − N5 + 1 with zeros
Step 6b: Fill in earlier col's using eq. (1) with m = 5 before it.
Construction of the first panel in Table 4 is simplest since the entry at node (i, n) can be Consider what happens at an arbitrary node, (i, n), when there are still m stages remaining to be completed. The developer has three choices: abandon the project permanently; suspend construction (possibly temporarily); or construct the next stage immediately. The developer will choose an action that maximizes the market value of the project rights, so that V m (i, n) equals the maximum of the payoffs for these three actions. That is,
This equation tells us how much the development rights are worth at this node and-by checking which of the three payoffs is largest-indicates the optimal development policy. However, before we can evaluate equation (1) we need to know how to calculate the three payoffs that it contains.
Abandonment The first payoff occurs when the developer abandons the project and receives the salvage value A, for a payoff of payoff abandon (i, n) = A.
Suspension Alternatively, the developer can pay H and temporarily suspend construction, holding the project in its current state for one period. We already know that after one period has passed we will be in the next column of the same table, in the same row if the move is up and in the row below if it is down. That is, the project rights will be worth V m (i, n + 1) if an up move occurs and V m (i + 1, n + 1) if the move is down. In traditional DCF analysis, we would calculate the market value of these possibilities by calculating the expected value and then discounting it back one period using a risk-adjusted discount rate. Real options analysis achieves exactly the same market-value estimate by altering the expected cash flow and then using the risk-free interest rate to do the discounting.
Specifically, the payoff from suspension is
where
r is the risk-free interest rate, b is the capitalization rate, and σ is the volatility of the value of the completed project. 10 The term in large brackets is the expected value of the rights after one period (calculated using the "risk-neutral probability" π u ), which is then discounted back one period using the risk-free interest rate. indicates that there will be just m − 1 stages remaining, the row number indicates that there have been i + j down moves since date 0 in total, while the column number indicates that we will be at date n + N m . When we take all possibilities into account, we find that the payoff from completing the project's next stage is
Construction
where φ(j, N m ) is the probability that exactly j of the next N m moves are down, where each move is down with probability 1 − π u . 11 The first term is the present value of the required capital expenditure, while the second term is the expected payoff (calculated using the risk-neutral probability), discounted back to the present using the risk-free interest rate.
10 Derivations of this and other results can be found in Chapter 3 of Guthrie (2009b) . 11 It can be calculated in Excel using φ(j, Nm) = BINOMDIST(j, Nm, 1 − πu, FALSE). Alternatively, it can be calculated directly using Step Instruction 1 Fill in the tree for V0 out as far as date N using
Set all values of V1 at date N − N1 + 1 equal to zero 2b Moving one column left at a time, fill in the remaining columns of the tree for V1 using equation (1) Fill in the remaining columns of the tree for V5 using equation (1) with m = 5
Construction of the suspension and construction payoffs for the special case where m = 2, i = 1, and n = 1 is illustrated in Table 4 . We are currently at the node indicated by the boxed cell, which shows V 2 (1, 1). The payoff from suspension depends on the two shaded cells in the same table since the value of the development rights changes to either V 2 (1, 2) or V 2 (2, 2) after one period elapses. We take the weighted average of these two entries (where the weights are the risk-neutral probabilities), discount back one period using the risk-free interest rate, and then subtract one period's worth of suspension expenditure. In contrast, the payoff from developing this stage of the project depends on the shaded cells in the second table. Assuming monthly time steps, construction will take four periods, so that the rights will be worth one of V 1 (1, 5) , . . . , V 1 (5, 5) as soon as construction of the next stage is complete. To calculate the development payoff, we take the weighted average of these five entries (where the weights are the risk-neutral probabilities given by the φs), discount back four periods using the risk-free interest rate, and then subtract the lump sum development expenditure.
The entire solution process is summarized in Table 5 .
Results
Our parameter values are reported in Table 6 . Using monthly time steps (that is, ∆t = 1/12) implies up and down moves of U = 1.0594 and D = 0.9439, respectively, and a risk-neutral probability of an up move of π u = 0.4579. Table 7 shows an extract from the spreadsheet constructed using the approach described in Section 6, corresponding to the first six months of each table. The entry in each cell gives the market value of the development rights for the indicated number of remaining stages, with Similarly, the project would be worth $35.31m if two stages remain and $1.67m if no construction at all has occurred. Table 8 compares the results of our real options analysis with those of static DCF analysis, as described in Section 3. The first two entries in each row give the market value of the development rights if the building price is $160 per sq ft, calculated using the static DCF approach described in Section 3, and the break-even level of the building price (that is, the level of the building price that makes the present value of the remaining capital expenditure equal the present value of the completed building, both calculated assuming that development is not interrupted). The next two entries report analogous information calculated using the real options approach described in Section 6. That is, the market values are the values of V m (0, 0) calculated in the spreadsheet summarized in Table 7 and the development thresholds are the lowest building prices for which it is optimal to immediately construct the next stage of the project at date 0. 12
If construction of the project has not begun, then static DCF analysis severely underestimates the market value of the project, giving it a negative value when-due to the option to delay construction until market conditions improve-the project rights actually have a positive value.
Moreover, it is optimal to begin development only when the building price is much higher than the level predicted by static DCF analysis ($341 per sq ft rather than $263 per sq ft). The higher building price is needed to compensate the developer for the loss of the delay option that is destroyed when construction begins. This is also the case when the first stage has been completed.
With three stages remaining, static DCF analysis would incorrectly suggest that construction should be resumed immediately, since the current building price of $160 per sq ft exceeds the static-DCF threshold. However, Table 8 shows that development should actually be delayed until the building price rises to at least $215 per sq ft. It also shows that the development rights are worth almost ten times the value predicted by static DCF analysis. Thus, using static DCF analysis to evaluate projects for which the development option is at-the-money (that is, the building price is currently close to the break-even threshold) undervalues the projects and leads to too much development.
When there are only one or two stages remaining, static DCF analysis performs well for both valuation and decision making, because in this case the value of being able to delay exercising the development option is very low. As Table 8 shows, in this case the current building price of $160 per sq ft is substantially above the optimal development threshold, so that the development option is deep in-the-money. This behavior suggests that when analyzing a project, the flexibility to suspend development in the early stages-when the development threshold is high and the development option is less likely to be deep in-the-money-is more valuable than flexibility to delay completing the final few stages. Thus, when simplifying a project into a small number 12 When using Excel, the optimal threshold can be found by using the Solver function to find the value of X0
for which payoff develop (0, 0) = payoff wait (0, 0). of stages as in Section 4 it is important to focus on separating out various stages early in the development process; later stages can be grouped together into a small number of stages without greatly compromising our analysis.
The approach described in this paper assumes that the underlying parameters are known with certainty. However, in practice, most parameters are estimated with uncertainty. One possible response to this parameter uncertainty is to carry out sensitivity analysis, starting with a distribution of possible parameter values and finishing with the implied distribution of project values. Because the approach in this paper can be implemented within a spreadsheet, construction of the distribution can be carried out in the same way as for static DCF analysis.
Rather than repeat that here, we restrict ourselves to examining the effect of changes in three important parameters-building price, capitalization rate, and volatility-on the market value of the development rights. Table 6 . Real options analysis yields price thresholds ranging from $192 per sq ft when volatility is 0.15 to $243 per sq ft when it is 0.25. Both the value of the project rights and the optimal development threshold are sensitive to the level of price volatility.
The relative importance of these three parameters can be measured by calculating the change in each parameter-while holding all other parameters at their baseline levels-required to increase the project rights' market value by 10% (that is, from $11.43m to $12.56m). Numerical search routines (such as Solver in Excel) can be used to calculate that the building price needs to rise by 2.4% (from $160.00 per sq ft to $163.79 per sq ft), or price volatility needs to rise by 7% (from 0.200 to 0.214), or the capitalization rate needs to fall by 10% (from 0.060 to 0.054). In contrast, the static DCF valuation of the project rights increases by the same (absolute) amount of $1.14m if the building price rises by 1.2% (to $161.88 per sq ft) or the capitalization rate falls by 18% (to 0.049); changes in price volatility have no effect on the static DCF valuation.
Thus, static DCF valuation overstates the importance to valuation of the building price and understates the importance of the capitalization rate; it entirely misses the importance of price volatility.
Conclusion
This paper has demonstrated a straightforward method for incorporating construction flexibility in the evaluation of commercial real estate developments. All the calculations can be performed in a spreadsheet and only one parameter-the volatility of the price of a completed projectneeds to be estimated in addition to those required for static DCF analysis. The key step is to allocate individual items of capital expenditure to distinct stages of development. The method allows the developer to suspend construction between stages, thus capturing much of the value of the real options embedded in typical development projects. Reducing the project to a small number of stages means that we need to build only a few tables in the spreadsheet: one for the market value of the completed project and one for each construction stage.
To make the calculations as simple as possible, we suppose that the developer's decision concerns only the timing of construction. Other possibilities, such as varying the rate of construction according to market conditions and deciding to change the project's design mid-construction, can also be analyzed using minor modifications of the techniques described in this paper (Guthrie, 2009b, Chapter 9) . Other extensions are possible, but substantially complicate the analysis. For example, it is possible to incorporate uncertainty surrounding the technological requirements of a project. A closely-related issue is the uncertainty surrounding future levels of some parameters. That is, even if we know the level of the interest rate now, we do not know its value one year from now with certainty. Sensitivity analysis can be used here, but-because it varies the level of a parameter while assuming that it will be constant at this level-it does not capture all of the consequences of parameter volatility. A better approach is to explicitly include the relevant parameter as an additional state variable. Again, this can be incorporated, but only if we are willing to use multinomial trees rather than the simple binomial trees used in this paper.
